If 6 is a q-skew derivation of a ring R, then the subring of invariants is R'"' = {r E R 16(r) = 0). We prove
Introduction and terminology
Let R be an algebra over a field K and let 0 be a K-linear automorphism of R. We say that a K-linear map 6 : R + R is a o-derivation if 6(rs) = 6(r)s + o(r)&s), for all Y,S E R. Furthermore, we say that b is a q-skew derivation if there exists some nonzero q E K such that &J = gas. The simplest examples of q-skew derivations are ordinary derivations, as well as maps of the form 1 -0.
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Subsets A of R with the properties that a(A) The first main result of this paper, which we will prove in Section 2, is
Theorem. Let 6 be a q-skew derivation which is algebraic in its action on the K-algebra R. If R is (o,6)-semiprime and Z # 0 is a (a,~?)-stable ideal of R, then Zc6' is a nonnilpotent ideal of RCs'.
At the end of this paper, we provide an example which shows that it is necessary in the above theorem for 6 to be a q-skew derivation and not merely a a-derivation. In Section 3, we apply the theorem above to the actions of the Hopf algebra U,(se(2)) on semiprime rings. U,(sd (2)) is the q-analogue of the enveloping algebra of the Lie algebra s/(2) and we refer the reader to [5] for more details. As an algebra, U,(se (2)) is defined as follows:
with relations
Furthermore, the Hopf algebra structure of UJsC (2)) is given by
When H = U&s&(2)) acts on an algebra R, we say that a subset A of R is H-stable if h(A) CA, for all h EH. If A is H-stable, we denote the invariants of A as
AH = {a E H 1 h(a) = &(h)a for all h E H}.
The action of H on R induces a K-linear algebra homomorphism from H to EndK(R). We say that H acts jinitely on R, if the image of H in EndK(R) is finite-dimensional.
As a special case of the second main result of this paper, we have Theorem. Suppose H = U,(s8(2)) acts finitely on a semiprime algebra R, where char K #2 and q is not a root of unity. If I # 0 is an H-stable ideal of R, then IH is a nonnilpotent ideal of RH.
We need the q-Leibniz Rule [2] : Note that if n < i, then (y), = 0 and the following identities also hold:
(;Z= ("7 1)q+4-i(;:;)q= (;:;)q+4(n; '),
Next, we define the q-characteristic of K, which we denote as char, K. If q is not a root of unity, then char, K = 0. However if q is a primitive pth root of unity, then We note that G can be extended to an automorphism of S by letting a(X) = q-lx.
Therefore, 6 is an inner q-skew derivation of S with 6(X) = (1 -q-' )X2. Extending the multiplication formula in S, we obtain 2. Invariants of q-skew derivations (4) In order to obtain our first main result, we must consider the special case when 6 is a nilpotent q-skew derivation of R. Therefore, in all of the lemmas in this section, we will assume that 6 is a nilpotent q-skew derivation of the (~,6)-semiprime ring R. 
Finally, JIJ C Z are (a. 6)-stable ideals of the ring I, hence p(JZJ) < p(I) and it follows that p(Z) = p(J).
Thus, J is indeed a homogeneous ring. In the light of this, in order to show that M(") is nonnilpotent, it suffices to show that Jc6' is nonnilpotent, where J is homogeneous. As a result, when needed, we can restrict our attention to rings and ideals which are homogeneous.
Therefore, for the remainder of this section we may assume, without loss of generality, that R is homogeneous and we can let m 2 0 be such that p(R) = m + 1. In the ring S = R[X, CJ, 61, every element of the ideal (X"+' ) generated by P+' must be of the form 'j&, q-x', where ro belongs to R?'+'(R). Therefore, if we let I = R n (X"+'), it follows that Z is a (a, 6)-stable ideal of R which is contained in RP+'(R).
Since r.annnd "'+'(R) is (0, @-dense in R, we see that if I # 0 then r.ann,Z C r ann,@Y+'(R) n Z # 0. However, this contradicts the (rr, S)-semiprimeness of
of S maximal with respect to the properties that (Xm+' ) C W and R n W = 0. Next, we let R denote the factor ring S/W and we let x be the image of X in RI. Then it is clear that R embeds in R and 6 is inner in R as 6 is induced by x, where x"'+l = 0.
Furthermore, the maximality of W implies that f? is (g, S)-semiprime. Furthermore, since xm+' = 0, it follows that
We can use (4) to rewrite the formula for 6. In particular, we have
As a result, we now have
In addition, using (2) we obtain Therefore, if we again use (2) we see that Proof. If we let j = ipk in (6), we obtain
Hence if Sip" = 0, then S+, = ( f),. Therefore, it suffices to show that Sj = 0, for all
Ifthereexistssomej<m-1 suchthatSj#OandZ${pk-l,2pk-1,3pk-l,...}, let j be the largest integer with these properties. By (3), it follows that (yz,i)q = 0, and therefore by (6) we have Sj+i (1 -q'+-' ) = q2"-2j-'Si. However, the maximality of j implies that j + 1 E {p" -1, 2pk -1, 3pk -l,.. .}. Thus 1 -qm-jW1 =O, which yields the contradiction Si = 0. 0
Combining the formula for 8 in (5) with Lemma 2, we immediately obtain (1) is (a, 6)-dense in Z and p(Z)< t< m <p(R). However, this contradicts the homogeneity of R, hence Z@(L) # 0, for all t < m.
Formula (4) 
annRx)xR + (I. annRx)d(R) C (1. annRx)d(R) 2 IO.
It is now clear, from formula (5) and Lemma 1, that S(Za) 2 IO n g(') = Zd". Since pk(l -l)<m, our argument above showed that Z6Pk('-') # 0. Therefore I n 1. amz~~('-')J'~ # 0, thereby contradicting the minimal@ of r.
If we now let Is = (l.ann~xP~ )R then, by the q-Leibniz rule, 6Pk is an inner skew derivation induced by xPk. Thus,
It now follows, from Corollary 3 and Lemma 1, that f3(Za) 2 Za tli;)(") =ZJ6'. 0
Now, we are able to prove
Theorem 5. Let 6 be a nilpotent q-skew derivation of a (a,6)-semiprime algebra R. Then for any nonzero (o,6)-ideal Z of R, Z(*) is a nonnilpotent ideal of R(*).
Proof. Without loss of generality, we may assume that the ideal Z is homogeneous as a ring and we can let p(Z) = m + 1. Therefore, we can consider the ring 7 and x"+l= 0 We can now use Theorem 5 to obtain our first main result, which generalizes a result on ordinary derivations in [3] . 
al,ao E K and a0 # 0. Zf R is (a,6)-semiprime and Z is a nonzero (a,6)-stable ideal of R, then I(") is a nonnilpotent ideal of R(@.
Proof. Since every (a, 6)-stable ideal of R is a (a, @-semiprime ring, in order to show that I'") is nonnilpotent, it suffices to show that R(') is nonnilpotent. Let
Ro={rERI#'(r)=O,
for some n>l} denote the zero eigenspace of 6. Theorem 6 of [l] states that if Ro is a-stable, then the subalgebra Ro is (a, b)-semiprime if and only if R is (a, @-semiprime. Since 6a = qa6, Ro is a-stable. Therefore, Ro is (a,@-semiprime and 6 acts on Ro as a nilpotent q-skew derivation. As a result, we can apply Theorem 5 to conclude that RCs) = Ro(') is nonnilpotent. 0
Invariants of U@(2))
We can now study the action of U,(se(2)) on semiprime rings. It is clear that every element of U,(sQ2)) is a linear combination of elements of the form GiXjYk.
Therefore, when we say that H acts finitely on an algebra R, this is equivalent to saying that G, X and Y are all algebraic K-linear transformations of R, where G acts on R as an automorphism.
Observe that
Therefore, GX and GY act on R as qe4 and q4-skew derivations, which will denote as 6~ and 8r, respectively. Since U,(sQ2)) is generated by G, G-l, GX, and GY, it is clear that RH is equal to the common invariants of G, GX and GY. If the field K is algebraically closed, the automorphism G can be decomposed as G = GsGu, where G, and G, are the semisimple and unipotent parts of G, respectively. Since both G, and G, are polynomials in G (see [4] ), every G-stable subspace of R is also stable under both G, and G,.
Of great use to us will be the following formulas, which can be easily proved by induction: Proof. Since we are not assuming that R has a unit element, without loss of generality, it suffices to show that RH is nonnilpotent. The relations SxG2 = qP4G26X and 6rG2 =q4G2& immediately imply that if CI is an eigenvalue of 6~ (or Sr), then so is dlq-" (uq4n, respectively), for any n 2 1. Therefore, if q is not a root of unity, we may assume that both 6~ and & are nilpotent.
On the other hand, if q is an nth root of unity, then the q-Leibniz rule implies that S$ and S$ are skew derivations, for any k > 1. Furthermore, there exists some sufficiently large integer t that both S$ and S$ are separable skew derivations. Since R is semiprime, it follows by Theorem 6 of [l] that both Rx and RY are o-semiprime, where 0 is some power of G. However, since cr is an algebraic automorphism, RX and Ry are indeed semiprime. Formulas (7) and (8) imply that RX and RY are H-stable.
Therefore, H acts on Rx n Ry, which we can consider as the zero eigenspace of Rx under the action of 6~. Hence, the above argument shows that Rx n RY is semiprime.
In the light of this, if we restrict the action of H to RX n Ry, without loss of generality, we may once again assume that both 6~ and 6~ are nilpotent. Let B be the algebraic closure of K and let l? = R @K K. The action of H on R can be extended in a natural way to the action of fi = H @K E on i?. Let ~(~.Y),~("YJ,~CG) and 1 (Gs) denote the invariants of Sx, 8r, G, and G,, respectively. Clearly jp c j&6X ) f-j(G) and we will prove the reverse inclusion. To this end, we will fidt show that $'x) n l?(Gs) & l?cby).
Although R -(sx) nicGS) is not necessarily &-stable, we can let n > 1 be the smallest integer such that 6;(R -(6x)n@GS))=0.
Since n<N and q4'# 1, for all i<N, we see that Q,, # 0. Therefore if n > 1, formula (8) gives us that &6;-lG2(r) = S",-'G-2(r), 4 for any r E R(") n RCGs). Since 6yG2 = q4G26r, we see that
&Sg'G4(r) = S"y-l(r). 4
On the other hand, G = (GU -1 )G, + G,, therefore, G"y-l((G" -1)4 + 4(G, -lp + 6(GU -1)2 + 4(G, -l))(r) = (1 -q4(n-1))$-1(r).
Since G, and G, commute, (GU -l)(r) E &(6X) nlicGs). By examining the indices of unipotency, we see that 6:--'(r) = 0, a contradiction. Thus n = 1 and so, RcaXx' njcG3) C j(6y). Now suppose r ER cbx) f~@~s); since &(r) = 0 the third defining relation for UJsP (2)) implies that G2(r) = Gp2(r) and so, G4(r)=r. Since G, -1 is nilpotent and char K # 2, it follows that (GU -l)(r) = 0, hence G,(r) = r and G(r) =r. Thus, r E@G) njj(ax) njj(hy) and @ =#a~) njj(Gs).
Since @6.u) is G,-stable, we now have RA = (R('.Y))'Gs). By Theorem 5, @6X) is nonnilpotent, so l?bx) = RC6x) @K I? is also nonnilpotent.
However, since G, is semisimple, the invariants of the action of G, on RcS-\') are nonnilpotent.
Hence REi =(J?('X))(Gs) is nonnilpotent. Since 1" = RH@~l?, RH is nonnilpotent thereby concluding the proof. q
We conclude this paper with an example that shows that the q-skew assumption in Theorems 5 and 6 is necessary.
Example 8. A o-prime algebra R with a a-derivation 6 such that d2 = 0, but (R("')3 =O.
Let F =K[{X,,,},,~]
be the free noncommutative algebra over any field K. Next, let I be the ideal of F generated by monomials XilXi, . . .Xin where ik 2 il, for some k cf. If cr is the automorphism of F given by ci(&)=&i, for all if Z, then it is clear that a(l) = I. Next, we will consider the factor algebra R = F/Z; we let xi denote the image of Xi in R and we use the same symbol r~ for the induced automorphism of R. It is easy to see that R is a-prime and R = SpanK {xi, xiZ . 'Xi, 1 il <i2 < . . <in}. 
As a result, A=R(").
However, we observe that
A2 C R-x_~x~ + Kx_*xo + R-x_,xoR+ + x_,xoR+
and therefore A3 = 0. Hence (R(6))3 = 0, as required. 0
